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ByRichardH. CavicchiandRobertE.English

SUMMARY

A methodispresentedfortherapiddeterminationof designvelocity
diagramsofturbinestageswithinspecifiedaerodynamicMnits. This
methodfacilitatestheselectionofthenumberofturbinestages,the
determinationofthenecessaryproxhityof stagingoperationto design
Umits,andtheselectionofoptimumworkdivisionbetweenor amongthe
stagesforanygivenapplication.Forconvenience,themethodispre-
sentedinbothchartandtabularform.Aerodynamiclimitsondesignwere
builtintothemethodtorenderitsuitableforanalyzingturbinestages
ofthefollowingtypes: (1)LaststageMmitedby zerochangein,magni-
tudeofrelativevelocityacrossrotorathubradiusandwithzeroexit
whirl,orby specifiedentrancerelativeMachnuniberathubradiusand
withzeroexitwhirl;and(2)stageotherthanthelastlimitedby speci-
fiedMachnumbersathubradiusrelativeto rotorentranceandrelative
tofollowingstatorandbyamountofturninginrotor.

Severalexamplesareincludedto illustrateindetailtheuseofthe
method.It isintendedthatthismethodbeusedprimarilyforsketching
outa turbinedesignwitha minimumexpenditureoftimeandeffort.The
detailsofthederivationsofthechartsandtablesarealsoincluded.

INTROIIJCTION

Someofthemostimportantpreliminaryconsiderationsinthedesign
ofthetwbinecomponentofan aircraftturbojetenginearetheselection
ofthenumberof stages,theproximityof stageoperationto thedesign
limits,andtheselectionofoptimumworkdivisionbetweenoramongthe
stages.Thechoiceofthenumberof stagesshouldbesuchthatthetur-
binecandrivethecompressorandoperatewithincertainaerodynamic
limitsimposeduponthetuxbinedesign.Fordesignswithinsuchaero-
dynamicMmits,thereexiststheproblemofdeterminingthem~work
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2 NACATN 2905

capac~tiesassociatedwithturbinesof one>two,orthree”stagesjor,
alternatively,ofdeterminingfora specifiedturbineworkoutputthe
minimumleavinglosswhichcanbe employedfora givennuniberof stages.

A rapidandmoderatelyaccuratemethodforobtaininganswersto
thesedesignquestionsisneeded.At presentthereareseveralmethods
forestimatingtheworkoutputsofa turbinestageforvariousdesign
conditions,oneexampleofwhichisshowninreference1. Thisrefer-
ence,thesmalysisofwhichisbaseduponone-dimensionalflowtheory,
presentsa graphictrial-and-errormethodforestimatingtheworkoutput
ofa turbinestage.Oncethevalueoftheworkoutputof a stagehas
beenestablished,thisreferenceprovidesa methodformakinga specific
designchartforthestageto aidinthestudyoftherelationsamong
theturbineaerodynamicparameters.Themethodofthisreference,how-
ever,isbestsuitedfora ~ferent problemfromthoseposedin connec-
tionwiththepresentstudy.

In ordertofurnishMormationreadilyonthedesigncharacteris-
ticsofturbineswithinspecifiedaerodynamiclimits,a methodwas
evolvedattheNACALewislaboratorywhichembodiescertainpreselected
designparameters.Withthismethod,a turbinedesignwhichcansatisfy
itsrequirementswhileoperatm withinspecifiedaerodynamicdesign
limitscanbe roughedoutrapidly.Thisreportpresentsthismethodin
bothchsrtsandtablesalongwiththeirderivationsanddescribesin
detailtheiruseinpreliminmydesignofturbines.

Severalcotititionsofthefollowingdesignlimitswereselected
intheproductionofthechartsandtables:

(1)Specifiedaxialcomponentof -t criticalvelocityratio

(2)Zerochangeinmagnitudeofrelativevelocityof gasacrossa
rotor-bladerow

(3)Lowmagnitudeof exittangentialvelocityfromlastrotor-blade
row

(4)SpectiiedmaximumrelativeMachnumberatentranceto anyblade
row

(5)Spectiiedmsximmturningofgasby rotor-bladerow

Thesedesignlhitswerepostulatedinorderthatthemethodbe suitable
foranalyzingturbinestagesofthefollowingtypes:

.-
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ChartI andtableI:

(1)LaststageMmitedby zerochmgein
velocityofgasathubradiussmdzero

(2)Laststagelimitedby rotor-entrance
hubradiusandzeroetitwhirl

ChartIIandtableII:

StageotherthanthelastMnitedby hub

3

titide ofrelative
exLt whirl

relativeMachnumberat

radiusMachnumbersrela-
tiveto rotorentranceandrelativeto followingstatorandby
amountofturningofgasthroughrotor

ANALYSISANDPREF!!IONOFCHARTSANDTABLES

Assumptions

Thesymbolsusedinthis”reportarelistedinappendixA. The
followingassumptionsweremadeto simplifytheanalysis:

(1)flbnplifiedradialequilibrium

(2)Angularmomentumperunitmasswhichis constantalonga radiAl
line(freevortex)

(3)Atmeanradius,pVxA is constantacrossrotor

(4)No radialvariationinstagnationstaterelativeto stator

(5)Hubandmeanradiiconstantinvaluefromentranceto exit

(6)Constantvslueof4/3fortheratioof specificheats

Assumption(5)isexactfora straightannulus.Fora diverging.annulus
withconstamttipd&meter,itis conservative(withrespecttoMach
n~er, reaction,andturning)atthehubradius,which is themost
criti6.alsection.Thevalueof4/3fortheratioof specificheatswas
selectedasanaveragefortherangeof gastemperaturesusedin current
gasturbines..Aswillbe discussedlater,thevaluechosenfortheratio
of specificheatshasa negligibleeffectontheresultsobtained.

FactorsAffectingMaximumStageWork

OneofthedesignlimitationsbuiltintochartI andtableI is
thatof zerochangeinthemagnitudeoftherelativevelocityofgas
acrosstherotoratthehubradius,thatis,(W~W2)h= 1. A typical
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4 IVACATN 2905

velocitydiagrsm,thenumberingsystemofwhichisapplicableto any
stage,ispresentedinfigure1. Thi.sdesia SekCtiOn, (W~w2)h = 1}
is .dmilartothecommonlyusedimpulsedesign,whichconnoteszero
changein staticpressureacrossthebladerow. Infact,thesetwo
~es of designareidenticalforisentropicexpansion.In general,a

.

risein staticpressureacrossa bladerowisavoidedbecauseofpossible
separationofflowandconcomitantpoorperformance.It canbe shown
thatfornonisentropicflowthelimitationofzeroveloci~changeyields
a dropin staticpressureacrossthebladerow,themagnitudeofwhich
dependsontheefficiency.Thus,tipractice,“thisdesignlimitationis
somewhatmoreconservativethantheimpulseLimitation.

TherelativeMachnuniberofthegasenteringa bladerowis M“kewise
oneofthemainlimitationsusedinthechartsandtables.Withpro-
gressivelyhigherrelativeMachnudxrsattheentranceto a bladerow
thetheoreticalworkcapacityoftherowis increased;however,the
tendencyforlocalseparationofflowalsoincreases,as doesthedrag.
An optimumentrancerelativeMachnumberhasnotyetbeendetermined.
Theentrancerelativel!achtier ishighestandthusmostcriticalat
thehubradius.

Fora last-stagerotoritisadtisableto designforas lowa value
ofthema@tude ofthetangentialcomponentoftheexitabsolutevelocity r
aspossible,ifnomeansistobe providedforutilizingthekinetic
energyassociatedwiththiscomponentofveloci@. In stagesotherthan
thelaststageofa multistageturbine,relativelyhighvaluesofthis ,!
parsmetercanbetoleratedbecauseofutilizationoftheener~associ-
atedwiththisparsmeterinsubsequentstaging.As a consequence,a
greaterproportionofthetotalworkofa turbinecanbe extractedfrom
stagesotherthanthelast.

An additionalparametertobe consideredisthk-axialcompmentof
exitcriticalvelocityratio (V~a&)2 attheat ofa laststageor
singlestage.Whenthevalueofthisparameterreachesunityforthe
conditionof zero-t whirl,theannulusispassingitsmaximumweight
flow. At a valueof 0.7fortheexitaxialvelocityratio,a marginof
about10percentintheweight-flowcapacity@stsj thatis,theweight
flowcanbe increasedby 10percentbeforetheannuluschokes.

Theturningangleofthegasflowthrougha bladerow,as inthe
caseofMachnuuiber,isbeMevedto haveanupperMmit forgoodturb$ne
performance.A valueof120°forthispsrameterwagarbitrarilyselected
foruseinthisreport.Fora rotor,theturningangleismostcritical
atthehubradius.

.
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Mic~~sis forCharts,Tables,andFigures

5

Throughoutthisreporttheworkoutputispresentedinthenondimen-
sionalform -gJ21hl/U<jwherethenegativesignisindicativeOfa drOP
inenthal~.Thisratio,referredto asthestage-workparameter,is
merelyhalfthereciprocalofthesquareoftheblade-tipto jetspeed
ratio.

Anotherparameterpresentedinthechartsandtableshereinisthe
isentropicannulararearatio (.A2/m* Thisparsmeteristheratioof
theannularareabehindtherotortothataheadoftherotorwiththe
assumptionofisentropicflowandisdefinedby thefollowingequation:

(c12)

InappendixB sretabulatedthegeneralthermodynamicrelationswhich
areusedthroughouttheanalysis.

Chart1,table1,andfigure2 - laststageor singlestagewithzero
exitwhirl.- In chartI andtableI areshownvaluesof stage-workparam-
eter 2 forvariousvaluesofetitaxialvelocityratio-gJ&’/Ut (v~/a&12J
isentropicannulararearatio (~Al)s, hub-tipradiusratio ~rt,
andblade-speedparameter‘t/a&r,2”

ChartI,table1,andfigure2 havebeenpreparedforuseinmaking
last-stageor single-stagedesigns;hence,itwasfoundconvenientto
expresssomeofthenondimensionalparametersintermsofthestage-exit
stagnationstaterelativeto thestator.

Paralleldesignationshavebeenusedforthechartsandtables.For
chartI andtableI, designations(a),(b),and{c)referto valuesof
0.5,0.6,and0.7,respectively,fortheexitaxialvelocityratio.Sub-
designation1 identifiesthesetlimitedby zerochangeinthemagnitude
ofrelativevelocityatthehubradius,(W~W2)h. 1;“subdesigna-
tions2, 3,and4 identifythesetlimitedby spectiiedvaluesof
entrancerelativeMachnumberatthehubradiusof0.6,0.8,and1.0,
respectively.

Chart1,1andtableI,1 - laststageor singlestagelimitedby zero
changeinmagnitudeofrelativevelocityathubradiuswithzeroexit
whirl.- InappendixC aredevelopedtheeqyationsusedin thepreparation
of CM I,1,tableI,1,andfigure2. Thestage-workparameterwascal-
,culatedfromthefollow&gequation:

— ——— ....— —. ——
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(C19)

Thecalculationsthenproceedinthefollowingmanner.Solvedasa
dependentvariableistheisentropicannularsrearatio (~A1)~,w~~
wascalculatedfrom

1

A2 _ Vx,1

()E s VX,2

(C18)

uponinsertionoftheratioofaxialvelocities

Forconvenienceintheconstructionof chsrtI,1 andtableI,1,
nominalvaluesoftheparameters(“/a&.)2,had (Vu/U)~,hwere
assignedforthreeselectedvaluesof (V~a&)2 ad fivetypical.~ues
of (~rt). Combinationsofthesevariableswerechosensoastoyield
resultsinthepracticalrangeforturbines.

In orderto obtainthechsxtsandthedataforthetables,the
stage-workparameter-gJAh’/u: wasplottedagdnstisentropicannular
arearatio (A~A1)s forHIES of co~t~t exitb~~hub speedratio
U~a&, z,eachsuchP~ plotharbgbeenmadeforoneparticular
valueof exitsxialvelocityratio (V~a&)2 andonevalueofhub-tip
radiusratiorh/rt.Thecurvesof chartI,1 aremerelycrossplotsof
theseprelhinaqplots.Inthefhal formof chsxtI,1, stage-work
parameterisplottedagainst-t blade-speedparameterwithlinesof
constanthub-tipradiusratio,allforoneparticularvalueof -t
axialvelocityratioandonevslueof isentropicannulararearatio.
Theabscissaofthechartswascalculatedfromtheetitblade-hubspeed
~tio (U/a&)2,hby thesmle relation
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TableI,1 wasproducedby simply
oftheblade-speedparameteroverthe

Theturbineweightflowhasbeen

7

rea~ chartI,1 at0.02intervals
seinersngepresentedinthechart.

expressedintheformofa non-
dimensionalparsmeteridentifiedinfigure2 as exitweight-flowparam-
eter.Thisparameteriscalculatedfromtheequation

t2=[l-s&~]*(%)2[,-Eyl (C24)

whichisplotteddirectlyinfigure2.

Chart1,2,3,4andtable1,2,3,4- laststageor singlestage
limitedby rotorentrancerelativeMachnuuiberathubradiuswithzero
exitwhirl.- Thestage-workparameterwasagaincalculatedfromequa-

?
Theisentropicannulararearatiowascalculatedfromequa-

tion C18)jbutfortheMachnuniberlimitationtheratioof axial
velocitiesVx,~Vx,2 wascalculatedby thefollowingequation,which
isdevelopedinappendixD:

.

Vx,1
VX,2=

(-)u
a& 2,h
Vx

H
at
cr2

1-
—

‘[~),,@-1]
(D5)

Theexitweight-flowparameterwasalsocalculatedfromequation(C24),
sothatfigure2 alsoappliestothisset.

~ orderto obtainthecalculatediktaforpreparationof chart1,2,
3,4andtable1,2,3,4nominalvaluesoftheparameters(“/a&)2,h‘d
(Vu/U)~hwereassi~edforthreearbitr~ valuesof Ml)h,three
values~f (V~a&)2,andfivetypicalvaluesof ~rt.

Thecurvesof chart1,2,3,4wffealsoobtainedby cross-plotthg
preliminaryplotsat constantselectedvaluesof isentropicannulararea
ratio.Thesepreliminaxyplotsonceagainconsistedof stage-workparam-
eterplottedagainstisentropicannularerearatiowithMnes of constant

.
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exitblade-hubspeedratio,eachprdhdnaryplotbeingdrawnforone
particularvslueof entrsmcerelativeMachnumber,onevalueofexit

L,

axial velocityratio,andonevalueofhub-tipradiusratio.Thefinal
formsof chartI,2,3,4andtable1,2,3,4aresimilarinmannerofpresen-
tationtothoseofchart1,1andtableI,1.

.

On someoftheplotsof chsrtI,2,3,4areshowntittedcurves,which
arethelociofpokts of zerochangeinthemagnitudeofrelativeveloc-
ityatthehubradiusacrosstherotor.Equation(D8)ofappendixD has
beendevelopedforthepurposeofestablishingthesecurves:

-Ir .

~e~ plotsof (W~W2)~ againstUt/a&,2 with~nes of const~t
hub-tipradiusratioweremade,eachplotdrawnfora particularvalue
of (V~a&)2 andof Mljh. Thedottedcurves,tipict~g (w~W2)h= 1)
onthefinalchartswereobtainedby cross-plott~ thesepreldmimry
plotsata valueofunityfortheratio (w~/w2)h”I?osuchdottedcurves D

canbe drawnon chartI(b)2 [combinationof (Vx/a&)z = 0.6 and
Ml,h = 0.6]oronchartI(c)2 [cotiinationof (V~a&)2 = 0.7 ~d .

Mljh= O.6],for,as canbe easilynotedfromconsiderationoftheveloc-
ityai~am, theexitaxialcomponentofveloci~isappro~telY e~~
to or great=thantheexitrelativevelocityatthehubradius.The
reasonsfortheabsenceofthedottedcurveinsomeoftheplotsof
chartI,4 isthatthislocusoccursonlyat valuesofblade-speedparam-
etergreaterthanthatpresentedinthechart(O.8). In chart1,2J324
regionstotheleftofthedottedcurvesareindicativeof a decrease
inthemagnitudeofrelativevelocityacrosstherotoratthehubradiuqj
whereas,regionsto therightofthedottedcurvesareindicativeof sn
increase.

TableI,2,3,4wasfashionedfromchartI,2,3,4inthesamemanner
thattableI,1 wasreadfromchartI,1.

ChartII,tableII,andfigure3 - stageotherthanlastlimitedby
hub-radiusMachnunibersrelativeto rotorentranceandrelativetofollow-
ingstatorandby amountofturninginrotor.- Derivationsoftheequa-
tionsusedinmalduzchartH, table11~~d fi~e 3 ~e presentedfi
appendixE. Thec&ulations-andplottingproceduresfor@is setwere
somewhatmoreinvolvedthanthoseforchartI andtable1.

*
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Becausechart11,tableII,andfigure3 havebeenpre~aredfor
stagesotherthanthelast,forconveniencesomeofthenondimensional
parametershavebeenexpressedintermsofthestage-mtrancestagnation
staterelativetothestator.

.

In chartIIandtableII,designations(a)and(b)ideritifyrela-
tivehub-radiusMachnunibersof0.6and0.8,respectively;whereas,mb-
designations1 and2 identifythestage-workparsmeter-gJAh’/U~ and
theratioofhub-radiustangentialvelocities-(Vu,~V~,2)h,respective-.

Thestage-workparsmeterisfoundfromtheequation

(E16)

.

wheretheterm -(V~U)2h providesadditionalworkforstagesother
thanthelastwithoutpe~ty, becausetheener~associatedwiththis
term remainsavaila.leforuseh subsequentstages.

Theise?rkmpicannularsrearatiowascalculatedfrom

f

therelation

\A

(E14)

in which theratioVx,~Vxj~ wasfoundby SOlvingtheexpression

(Blo)

andthefactor (V#a&)~ fromsolutionof

(Eu)

—.-. –--— - -——— — —- -—-—. . . . .—
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~ -e atthekb raMus wasdeterminedby theequation

&h = ‘cot-l

J
(E15)

Entranceweight-flowparameterwascalculatedby theforonib

1 k-1
-m

2

()]

rh
l-— rt

(E21)

Inthecalculationsforthisset,nominalvaluesoftheparameter
@/a&)l,hwere==Qmed al-o-with%0 valuesof 1% andfourvalues
of (r~rt). Itwasby a trial-and-errorprocessthatthepropercom-
binationsoftheparameters(V~U)~,hand (V.)2,h weredetermined
forusewiththeselectedparameters.Itwasnecessarythatthesecom-
binationsof (v@)l,h ad (V@)2,h meld Cal-ted valuesof
isentropicannularmea ratioof 0.8~ (A~A1)SS1.2 whilesimultane-
ouslyyieldingvaluesofturningangleatthehubradiusnesr120°.

PeelirninaryplOtSOfhub~ @e ~h agdIIStiS6211tIY@C
annulararearatioweredrawnwithlinesof constantentranceblade-hub
speedratio,eachsuchplotpertainingto oneparticularvalueof Mb
onevalueof (~rt), andonevalueof ‘(V#”)2,h=Similarplotswere
likewisemadewithstage-workparameterplottedasordinateinstead
ofhub~ angle.A valueof (U/a&)1h deterndnedontheformer
plotby theintersectionofa destiedabsci~sawiththe120°ortiate
establisheda valueof -gm ‘/u; onthecorrespondinglatterplot.
Thecorrespondingvalueof
fromtheequation

entranceblade-speedparameterwascalculated

(2)

.

_.—
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.

inwhich (U/a&)l,h hasthatvalueobtainedfromtheplotof A~h
against(A~A1)..Thus,thesetwopreliminaryplotsyieldedonepetit
on chartII,1,inwhichstage-workparameterisplottedagainstentrance
blade-speedparameterwithlinesof constanthub-tipradiusratio,all
foroneparticularvalueofMachnunberatthehubradiusandonevalue
of isentmpicannulararearatio.

Preliminaryplotsof -@u,dR, 2)”w-t @h wered=~ ~th
13nesof constantentranceblade-hubspeedratio,eachforoneparticular
VahleOf hihandonevalueof ‘(V~)2,h. Thisplotisindependent
ofhub-tipradiusratio,becausetheparameterrh/rt is absentfrom
equation(E15).Thisplotandthe @h against(A2/Al)spreliminn
plotdescribedpreviously,drawnforthecorrespondingvaluesof Mh
and -(Vfi)2,h,establishedonepointon chart11,2.In chartII,2 the
ratiooftangentialvelocitiesatthehubradiusispresentedasthe
ordinate,andtheparameters‘~a&,l~ %/rt,~, ~d (A#Al)~ retain
thesameformofpresentationasinchartII,1.

TableIIwasproducedfromchartIIby thesameprocedureinwhich
tableI waspreparedfromchartI.

~
Forthepreparationoffigwe 3,prelhinaryplotsof entrance

weight-flowparametert~lagainsthubturningangle@h weremade,
. againwithlinesof constantentranceblade-hubspeedratio (“/a&)l,h

foroneparticularvalueof eachoftheparametersMh,rh/rt,and

‘(V@)2 h. The~ue of (U/a&)l,hestablishedonthecorresponding
prelim&y plotof @h against(A2/Al)slocateda corres~nding
pointontheprevious~mentioned$)1against@h plot,allofwhich
yieldedonepointona plotof $1 againstUt/a&,~ withHnes of con-
stant~rt for (A2/Al)s= O. Thiswascross-plottedinordertopre-
sentfigure3 ina formshilar.tothatoffigure2. Figure3 isa plot
ofhub-tipradiusradioagainstentranceweight-flowp-arameterwithlines
of constantentranceblade-speedparameter,drawnforan isentropic
annulararearatioof 1.0andforeachoftwoselectedrotor-entrancerela-
tiveMachnunbers.Forsimplicity,onlyan isentropicannulararearatio
of1.0isfurnishedinfigure3.

Determinationof lossfactorsforusewithchsrtsandtables.-
Althoughthechartsandtableswereconstructedonthebasisof isentropic

-.

.

flow,provisionforincludingstageefficiencyhasbeenmade. In
appendixF arepresentedthedetailsofthedevelopmentofa lossfactor
whichisusedaccordingtothefollowingequation:

JAs
A2 A2

()
T

q= qse (F6)
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Thevelocitydiagramandstage-workparameterasobtainedfromthecharts
ortablessxeunaffecteduponassumptionof stageefficiencythedesign

!.

ofthecharts.andtablesissuchthatonlytheannulararearatiobecomes
affected.Thechartssndtableshavebeenconstructedforvariousisen-
tropicannulararearatiosinorderthatinterpolationbetweentheactual

.

annulararearatiosas calculatedf- equation(F6)canbeusedfor
ascertainingthestage-workparameter(and -(Vu,~Vu,2)h h thecase
ofchartII andtableII)associatedwiththedestiedactualannular
arearatio.

‘/R against stage-enthalpyFigure4 isa plotof lossfactore
parameter-@Ah’/T‘ withlinesof constantadiabaticefficiencyq.
Theabscissaoffigure4(a)isintermsoftheexitstagnationtempera-
turerelativetothestator,becausethisplotisintendedforusewith
chartI andtable1. By thesametoken,figure4(b)wasconstructedfor
usewithchartIIandtableIIby presentingtheabscissaintermsofthe
entrsmcestagnationtemperaturerelativetothestator.

summaryofDesignConditionsUsedinChartsandTables

Thefollowhgtablesummarizesthedesignconditionsbuilt
chsrtsandtables:

intothe
,>

.

‘&R’(a (a ‘l’h ‘2’h‘u” :“ (2).‘-U
I,1 0.5,0.6,0.71 --—.-—----—-— 0 0.5,0.6,0.7,0..9,0.90.8,0.9,1.0,1.1 c

1,2,3,40.5,0.6,0.7- 0.6,0.8,1.0———- 0 0.5,0.6,0.7,0.8,0.90.8,0.9,1.0,1.1 D
II --—— — - 0.6,0.8 0.6,0.8 - 0.6,0.7,0.0,0.9 0.8,1.0,1.2 E

ChartIIandtableIIarepresentedwithbutthreeannulararearatios,
becausethis~arameterhaslesseffectherethanitdoesinchartI and
tableI.

uSEoFcmRTs Am13xBIw

Thedesigninformationofthisreportispresentedinbothchartand
tabulsrform.Thechartsmaybe somewhatmoreconvenientininstancesin
whichoneortwoturbtiedesignsaresought.In situationsinwhicha
surveyofmanyturbinedesignsisdesired,thetablesmayproveespecially
suitable.Eitherthechartsortables,of course,

.
canbe usedforeither

ofthesepurposes.
..

—
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TurbineDesignRequirements

Thechsrtsandtablesinthisreporthavebeensetup forthepur-
poseoffurnishinga turbinedesigntomeeta givensetofturbinedesign
requirements.Theserequtiementsconsist,inoneformoranother,of

(1)

(2)

(3)

(4)

(5)

Equivalentworkperpoundof–gasneededto drive-compressor
-ah’/e;

Equivalentweightflowperunitturbine-tipfrentalarea
. @@#; .

EquivalentbladetipspeedofturbineUt/&

EquivsJ.entturbine-inletstagnationtemperaturerelativeto
statorTi/9~

Equivalentturbine-inletstagnationpressurerelativeto stator

C.al~tionofParameters

Beforeentrycanbe madeintothechsrtsortables,certainparm
etersmustbe calculatedinorderto ~ess theturbinedesignrequire-
mentsinthenondimensionalformsofthechsrtandtablepresentation.
Thefollowingequationsarethereforeused:

(3)

%=+(-)
~l=s

RT‘

(4)

(m)

(B4)

— —-————.
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()-gJAh’Requ3redstage-workparameter:—. u: req

Enthalpy parameter: Q5$z

UseofChartI andTableI

(5)

(6)

(7)

(8)

Witha givensetofturbinedesignrequirements,theinitialstep
inusingchsrtI ortableI isto assign15mitsforentrancerelative
Machnunberatthehubradius~ h andexitaxialvelocityratio

@x/a&.)2,~o% tithannularare:ratio ~/A1 andturbineadiabatic
efficiency~. Fromtheturbinedesignreqrdrements,theparametersof
theprevioussectioncm be calculatedfromequations(3),(4),(Bl),
(W), (5),(6),(7),W (8). The-it weight-flowparameter+2,
calculatedfromequation(6),togetherwiththeassignedvalueof
(Vx/a&)2 establishthehub-tipradiusratior~rt,whichisreadon
figure2. Oncethehub-tipradiusratiohasbeenestablished,recourse
tothechartsortablesimmediatelyyieldsthestage-workp&rameterat
theappropriateblade-speedparameterfortheevenvaluesof isentropic
annulararearatiospresented,attheinitiallyselectedvalueofexit
axialvelocityratio.b allinstancesreadingsshouldbe madefrom
chart1,1andchartI,2,fromchart1,1andchartI,3,orfrom
chart1,1ti chart1,4inorderthata comparisonoftheresultsfrom ‘
thetwosetscanbe usedto detemdnewhichisthe13.mitingset. If
thetablesarebeingused,theword“table”istobe substitutedforthe
word“chart”intheprevioussentence.

Inthecalculationofthe-it-enthalpyparameter-KJAh’/T~,there
arisesananbiguityastowhatvalueshouldbeusedforthefactor-ml.
Thefollowingrule-of-thumbapprox-tionsaresuggestedforusein
calculatingthevalueuf -gJ&’/T~withwhichto enterfigure4(a).
Whenthestsge-workparametersreadfromchartI ortableI attheeven
valuesof iA2/Al)~ presentedareofaboutthessmemagnitudeasthe

.

.,



NACATN 2905 15
,

requiredvalue,sothata single-stsgedesignisindicated,thevslueof
compressorworkperpoundofairissuggestedforthefactor-Ah’. For
thelaststageofa multistageturbine,thevalueof -Ah’ issuggested
whichisdeterminedby subtractingfromtherequiredenthalpydropthe
sumofthedesignvsluesof enthalpydropsofallstsgesotherthanthe
last. AswSU be explainedlater,theenthalpydropsofstagesother
thanthelastcanbe obtainedfromchartIIortableII.

Eromtheexit-enthalpyparameter-gJAh’/T~ andtheturbineadi%

baticefficiency~,a lossfactoreJ&/R canbe readdirectlyonfig-
ure4(a). Theabscissainfigure4(a)ispresentedintermsofdown-
streamstagnationtemperatureT; becausefigure4(a)isintendedfor

usewithchartI andtableI. Theactualannulararearatioiscalculated
fromthelossfactorby

J&
-X-
e (F6)

Theprocedureisto selecttwoisentropicannulararearatiossuchthat
theresultingvaluesof ~/~ (fromeq.(F6))encompassthedesired

valueofannulararearatio.H chartI isbeingused,a linearinter-
polationisthenmadetoyieldthevslueofstage-workpsrsmet=corre-
spon~g tothedesiredannulararearatio.Useofthetablesinvolves
anadditionalinterpolation,thatis,forblade-speedpsrameter. The
followinggraphicalmethodissuggestedforinterpolatingthetables.
Forhub-tipradiusratio,a linearinterpolationinthetablesisquite
satisfactory.Stage-workparametercanbe readattwovaluesofblade-
speedpsrsmeterfortwovaluesofisentropicannulararearatio,the
twovsluesofeach~smeter beingselectedsoasto encompassthe
desiredvalueofeach.Thefourvaluesofstage-wwkparmeterso
obtainedcanbeplottedwithblade-speedparameterforeachofthetwo
selectedisentropicannulararearatios.Thetwopointsofeacharea
ratiocanbe Joinedby a straightlineandan interpolationmadebetween
thematthedesiredabscissa(blade-speedparameter).

TheEulerworkequation(CL)canbewrittenas

wheretheterm Vu.2/Uissetequslto zerointhe

fOllows:

(9).

derivationsof
chartI andtable~. Inmanyimtancesitwtllbe foundthatthestsge-
workparsmeterasreadfromchsrtI ortableI isnotquitesufficient

— ——— — ——-–. —— .— —
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tomeettheworkrequiredofthestage.Selectionofhighervaluesof
theaerodynamiclhits (V~a&)2 or Ml,h maytifice. If,however,
thedeficiencyis small,theturbinestagecanbe designedtoproduce
sufficientworkby designingfora small&mountof exitwhirl.The
eqyationtoheusedforthispurposein connectionwiththesetof
chartI andtableI pertainingto zerochangeinthemagnitudeofrela-
tivevelocityis

..

(7)Iyvu,27@’(?)1,vu,24-432(10).
inwhichthenumericalcoefficient2 hasbeenfoundtobe a goodaverage
vhlue.Theparalleling
tableI limitedbyMach

equationforusewiththesetof chartI and
nlmiberis

(=%A
( u,,M,vu2+=(j%$M,,u-6)2,h(#‘u)? ,.

Inbothequations(10)and(n),thevalueusedforthestage-workparsm-
eterontheleftisthatrequiredofthestage;thevalueof *r ~
thisparametercoincidesidenticallywiththatsuggestedin calculating .

-gJAh’/T~.Thestage-workparsmeterontherightistakendirectly
fromchartI ortableI.

Valuesof @fi)2,h havingbeencalculatedfromequations(10)
and(n), inspectionoftheirabsolutemagnitudestiediatel.yindicates
whethertheparticulardesignislimitedby changeinmagnitudeofrela-
tiveveloci~orbyMachnumber.Forthevaluesof (V~U)2,h socal-
culated,eachsetwilllietithinitsparticularl.hitj whatis sought,
however,isthatsetwhich13eswithinthe13mitsofbothsets.Theset
correspondingtothelargerabsolutemagnitudeofthetwovaluesof
(V~U)2h, calculatedfromequations(10)and(IL),isthelimitingset..
The”reabonfor
workequation

thisstatementcanbe seenfroma considerationofthe

(El)

“

—
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Fortherequiredvalueof -gJ&t/U2,thelargertheabsolutemagnitude
of (V@)2, thesmallercanbe theabsolutemagnitudeof (V~U)~.
Smallerabsolutemagnitudesof (V@)l areindicativeof lowervalues
of entrancerelativevelocityWl,whichinturncorrespondto lower
valuesofboth W~W2 and (W/a)l.Theconclusionisthusthattheset
COrreSpOntigtO tlfe kger -tide Of (Vfi)z)hEeS Witti both
limits.

Otheroccasionswillariseinwhichthevalueofthestage-work
parsmeterreadfromchartI ortableI isin excessofthatrequiredof
thestage.Thissituationcanbe handledin severalways. Perhapsthe
simplestisto decreasethevalueof (Vfi)~,h (seeeq.(C6))for
designforlesswork. Otherpossibilitiesconsistin selectinglower
valuesoftheaerodynamicparameters(V~a&)2 or Ml,h-

AlthoughchsrtI andtableI arepresentedforbutthreevaluesof
(v#a&)2 ~dt~ee valuesof M~,h>linearinterpolationscanbe made
inordertoyieldresultsforanydesiredlimitsofthesetwoparameters,
providedtheyliewithintherangeofvaluespresentedherein.

UseofChartIIandTableII

Recourseismadeto chartIIandtableII onlyafterithasbeen
foundfromchartI ortableI thata singlestagecannotsatisfactorily
meettheturbinedesignrequirements.Thatis,whenthevalueofthe
stage-workparameter&terminedfromchartI ortableI remainstoo
small.evenafterexitwhirlhasbeenemployedorhigherselectionsof
{Vx/a&)2or ‘l,h havebeenmadeorallthreeofthesedepartures
havebeenused,additionalstagingisnecessary.

Onceithasbeenfoundnecessaryto resortto a multistageturbine,
theprocedureisto selecta Machtier 13mitandannulararearatio
forthefirststage.Fromtheturbinedesignrequirements,theparam-
etersnecessaryforentryintochartIIortableIIarecalculatedfrom
equations(Bl),(B4),{5),(6),(7),and(8).Theentranceweight-flow
parsmeter~ calculatedfromequation(6),alongwiththeassigned
VslueofMach?n.niberMh,smdtieentranceblade-speedparsmetercal-
culatedfromequation(5),establishthehub-tipradiusratiow,~chis
readonfigure3. At thisvalueofhub-tipradiusratioandforthe
assignedMachnumber,thestage-workparametarcanbe readatthe
appropriateblade-speedparsmeteronchartII ortableIIfortheeven
valuesofisentropicannulararearatiopresented.
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ChartIIandtable
theratiooftangentisll

II arefurnishedwithanadditionalparameter,
velocities-(%.I&. 2)h,themannerofpresen- “

tationofwhichisidenticaltothatusedfo~tk–stage-workparameter.
-,.

Thepurposeof includingthis@ditionalpsnmeteristoprovidea means
ofdeterminingthemagnitudesof Vu,1,h and Vu,2,h,whicharerelated

.

tothe”stage-workparaeterby equation(El).Thevalueoftheratio
-(Vu,#Ju,Z)h isreadfromchartIIortableII atthelocationcorres-
pondingtothatusedindeterminingstage-workparameter.

b calculatingtheentrance-enthslpyparsmeter-gJAh’/T~ for
stagesotherthanthelast,itis suggestedthatthevalueforthe
factor=Ah’ be determinedfromthestage-workparsmeterreadfrom
chartII ortableIIatan isentropicannulararearatioof1.0if a
divergingannulusis desired.Ifa straightannulusisdesired,the
valueof stage-workparameterreadat anisentropicannulararearatio
of0.8is suggested.

Fromtheentrance-enthalpyparameterandtheturbineadiabatic
JAs/Refficiency,a lossfactore canbe readdirectlyfromfigme 4(b).

Annulararearatiois againcal.culatedfromisentropicannulararearatio
by equation(F6).IsentropicannmhrarearatioBareselectedsothat
theresultingvaluesof A~Al (fromeq.(F6)) encompassthedesired
annulararearatio. If chartII istobe used,a ltnesrinterpolation
thenyieldsthevaluesofbothstage-workparameterandratiooftan-
gentialvelocitiescorrespon&hgtothedesiredannulararearatio.

IftableIIistobeused,themethodofinterpolationofthetables
suggestedintheprevioussectioncanbe appliedtobothstage-work
parameterandratiooftangential.velocities.

Oncethefirst-stagedesigghasbeenaccompMshedinthismanner,
examinationshouldbe madeof

to ascertainwhetherornotonemorestagewilIlsuffice.Ifthiscliffer-
enceistoogreatlyin excessofthestage-workparamet~sobtainable
fromchartI ortableI, designof anintermediatestagecanbe effected
inthemannerdescribedinthissection.Otherwise,chartI ortableI
furnishesthedesignofthelaststageto completetheturbinedesign.

As inthecaseof chsrtI andtable1,hear interpolationcanbe
madetoyieldresultsforanyMachxnuibersbetween0.6and0.8. .

,.-
,, -“”
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DiscussionofApproximationsInvolved

b orderto estimatethesensitivityofthemethodto thevalueof
theratioof specificheatsk, equations(C18)and(C24)weresolved
witha valueof1.40for k. Theresultingvaluesofisentropicanmikr
arearatioandofexitweight-flowparameterdifferedfromthecorres-
pondingvaluesof k of 4/3 by lessthan1/2percent.

Whena designismadetoproduceadditionalworkby employingtit
whirl(eqs.(10)and(n)),figure2 isno longer~ct becauseofthe
absenceofa (Vu/a&)~,mtermineqpation(C24).Fora givenvalueof
exitweight-flowparsmeter,a solutionof equation(C24)forhub-tip
radiusratioinwhicha valueof -400feetpersecondfortheexitwhirl
wasusedresultedinaboutl/2-~ercentdifferencefromthecorresponding
valueof rh/rt asreadfromfigure2.

An additionalapproximationhasbeenmadebecausefigure3 isTre-
sentedforan isentropicannularsrearatioof1.0only.Thisapproxi-
mation,whichamidsmuchcomplication,isreasonablebecausea stage
otherthanthelastisgenerallydesignedwitha divergingannulus.

At thispointa wordof cautionisintroduced:whenthechsz+tsor
tablestidicatethenecessityfora multistageturbine,a risein static
pressureacrossstatorsotherthsnthefirstmay result..Thissituation
ismostMkelyto occurathighvaluesof entrancerelativeMachnu.niber
andlowbladespeeds.E13.mtnationof sucha static-pressurerisereduces
eithertheworkoutputortheweight-flowcapacityoftheturbine.

Fourexamplesillustratingh detailtheuseofthismethodare
presentedinthissection.h threeoftheexamplesthechsrtshave
beenusedjwhereasthetableshavebeenusedinther-ining example.
Usingeitherchartsortablesyieldsthessmeresults.

Example1

Lightlyloadedsingle-stageturbine.- Inthefirstil.lust~tive
examplethechartsareusedto determinesomeofthedesigncharacteris-
ticsofa M.ghtlyloadedsingle-stageturbinecapableof ;atisfyingthe
turbinedesignrequirementsofa typicalcontemporaryjetengine.

.- .—. –-——. ———.—___
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Turbinedesignrequirements

“ Jl%%%= 16.0lb/(sec)(6qft)

uJ@= 1200ft/sec

Tt = 2060°R
1

P; = I.l,ooolb/sqft

Calculationofparameters:

%=&:’4 ; = 0.2745Btu/(lb)(OR)

T; 81.9=2060-—=0.2745 1761.6°R

5456
‘;= 53.4(1761.6)= 0.0560lb/cuft

~t =
cr,2 do

2$ 32.2(53.4)(1761.6)=44.3~-”

= 1859ftjsec

16.0$2 = 0.0560(1859)”=0“148

()-gmht =25,000(81.9)=~ ’22

< req (1200)2 “

Assignedvariables

A~Al = 1.0

(V~a&)2 = 0.5

Ml,hS 0.8

n = 0.9

k = 4/3

by equation(3)
,.

by equation(4)

by equation(Bl)

by equation(B4)

by equation(5)

by equation(6) .

by equation(7)
.

— .— —
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Ifthecharts
-Ah’ of 81.9

Fromfigure2

indicatethat
Btuperpound

a singlestage
canbe usedin

is sufficient,
equation(8):

-grmht25,000(81.9
~= 1761.6 ~= 1162sqft/(sec2)(OR)

21

thevalueof

by equation(8)

at $2 = 0.148and (V~a&)2 =0.5,thehub-tipradius
ratiorh/rt= 0.818.

Fromfigure4(a)at -gJ&’/T~= 1162sqft/(sec2)(%)and q =0.9,

thelossfactoreJ@ = 1.077.

Entryintochart.- Becausethedesiredannulararearatiois1.0,
itisnecessaryto interpolatethestage-workparametersreadfromthe
chartsof0.9andof1.0isentropicannulararearatio.Useismadeof
equation(F6)in calculatingthecorrespondingarearatios:

[

()-gmh~
u:

= 1.435

I}VU,24
ChartI(a)l

()

-gm ; = 1.390
u: I)v.,@

Interpolation

()

-gJAht
yields = 1.422u:

1,Vu,2=0

[

()-gmh~
2 = 1.580
‘t M,Vu,2=0

ChartI(a)3

()

-gwt = 1.538u:
M,Vu,24

A2
— = 0.969at Al

A2
— = 1.0at Al

at &=0969
%“

A2
at ~ = 1.077

.—. -—--.——— . _ .— . ——___ .- —
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hterpolation

(“

)
-gJ&r %?

yielaE = 1.568 at v= 1.0

Thetwovaluesof
arearatioof1.0

% ) Al

M,Vu,Z=o

stage-workyarsmeterinterpolatedforanannular
showthat (-gJAh’/U2)

t I,Vu,2=0
. (-gJz3h*/U~)req

..

> (-g~’/U~)req”and (-g~ ‘/<)M>Vu,2=0 Hence,a single-stagetur-
binewithzerochangeinthemagnitudeofrelativevelocityatthehub
radius,zeroexitwhirl,andanentrancerelativeMach?nuiberatthe
hubradiuslessthan0.8cansatisfytheturbinedesignrequirements.

Exsmple2

Heavilyloadedsingle-stageturbine.- Theobjectofthisexsmple
isto determinebymeansofthechartstheeffectuponsomeofthe
designcharacteristicsofexample1 ofincreasingtheworkoutput
requiredoftheturbinewld.leallotherturbinedesignrequirements
unaltered.

are

.
Turbinedesignrequirements Assignedvariables

A~A1 = 1.04h’/6&= 100.0Btu/lb

rw t3~AF5:= 16.0lb/(see)(sqft) (V~a&)2 = 0.5

U~ ~ = 1200ft/sec ‘1,h–< 0.8

T*= 2060°R
1

‘i =~,000lb/sq

~ = 0.90

ft k = 4/3

At sealevel:e:= 1,b;= 1 Cp= 0.2745Mu/(lb)(%)

Calculationofparameters:

T; = 2060-
100.0
0.2745= 1696°R

p; = I.l,ooo[1.(=)]4= 4590l+q ft

by equdion(3)

by equation(4)

.
.

. .—
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.

.

.

by equation(Bl)

by equation(~)

Ut 1200— = 0.658= 1824
by equation(5)

~
cr,2

16.0
%2 = = 0.173 by equation(6)

0.0507(1824)

u+@ht =25)0m(100”0)=1.736
u: (Boy’

req

,.

by equation(7)

FromfiWe 2 at $2 =0.173 ~d (v#L&)2 ‘ 0.5,thehub-tipradius

ratio -0.783.rh/rt–

Entryintocharts.-

[()-gml’ = 1.326
~:

1>%,2-

chartI(a)l {.-

[()-gJ&t = 1.284
u:

1)%,2-

[’

()

-gmt = 1.475

u: M>Vu,24
chartI(a)3

()

-gmt = 1.436
% M,Vu,Z=o

()A2at q~
= 0.9

()
at %2

q~
= 1.0

()

AZ
at q~ = 0.9

at %2
()<~

= 1.0

—. -.—.—-——_._. ——_ —-— ,,
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Althoughthepreced3ngstage-workparametersarealllessthanthe
valueof (-gZAh’/U~)req,thedeficien~can%emadeup eitherby design-

ingforexitwhirlorby selectinga highervalueoftheparameter
(V#a&)2●

~ thisexample,exitwhirlwillbe addedinorderto illust-
rate theprocedure;andM theresultingvalueof Vu,2 iSnot
excessive,a s@glestagew3JJ.suffice.Sinceitis soughttodetermine
whethera singlestagecansupplythenecessarywork,thevalueof 4h ~
tobe usedinequation(8)is100.0Btu“perpound:

-gtlnht
ry; = 25,OOC(1OO.0)/1696= 1474sqft/(sec2)(%)

by equation(8)

Fromfigure4(a)at -gJ&t/T; . 1474sqft/(sec2)(%) and q = 0.9,

J@ = 1.10.e Hence,(A2/AI)s= 0.9 correspondsto (A2/Al)= 0.99,
and (A~Al)s = 1.0 correspondsto (A2/Al)= 1.10,by equation(F6).
Itisnecessaryto determinethemagnitudeofthetangentialcomponent
of@t velocityforeachcasebeforeitcanbe decidedwhetherthe
turbineislimitedby zerochangeinthemagnitudeofrelativevelocity
orbyMachtier. lhterpolationofthestage-workparameterfromthe
chartI(a)lvaluesatanannulararearatioof1.0yields

(-@@l,vu,@ = 1“322”A similarinterpolationofthecorrespond-

* p~~et~s from* I(a)3 @elds (-gml@~)M,vu24 = 1.471.
J

Theuseof equation(10)givesforthedesignM-ted by zerochange
h themagoitudeofrelativevelocityatthehubradius

~J2,h=-*(&~ ‘1”736-1”322)‘-0”338

Ap@icationof equation
tiveMachnuniberatthe

(U) to thedesign13mitedby 0.8entrmcerela-
hubradiusyields

(#)2,h=- (+~ (1.736-1.47,)= -o.432

,.

.

.

——

.
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Becausea greatersmountof etitwhirlisneededforthelatterdesign,
theturbinedesignislimitedby the0.8entrancerelativeMachnmiber.
Thetangential

Thisamount of
thiswhirlis

ThisSJnountof

componentofexitabsolutevelocityatthehubradiusis

Vu,2,h= -0.432(0.783)(1200)= -406ft/sec

-t whirlis highj in facttheener~associatedwith

< z ~2gJ
‘&l (100)= 3.3percent

ener~,whichisusuallya loss,couldbe redncedby
selectinga highervalueof (V~a&)z,becausethehighervalueof
stage-workparsmetersoobtainedwouldnecessitatelessexitwhirl.

Exsmple3

High-speed,high-weight-flowsingle-stagetibine.- me tablessre
nexttobe appliedfordeterminingsomeofthedesigncharacteristicsof
a high-speedhigh-weight-flowturbtiesuchasmightbeusedto drivea
supersoniccompressor.

Turbinedesignrequirements Assi~edvariables

-A@; = 73.0Btu/lb A.J% = 1.0

CAw et 5’= 30.0lb/(sec)(sqft)
c

ut/~= 1400ft/sec ‘1, hS 0.8

Tt = 1960°R v = 0.85
1

8500lJ)/sqft
‘; =

k= 4/3

At sealevel:~; = 1, b:= 1 Cp= 0.2745Btu/(lb)(OR)

.-—. — _______
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Calculationofparameters:

T: 73.0= 1960- —0.2745= 1694°R by eqmtion(3)

p,=~o~-(~)]4=4242@lft by equation(4)

%==%%
= 0.0469lb/cuft by equation(Bl)

$,1 =
cr,2 &t.3~ = 1823ft/sec by equation(B4)

Ut 1400— =— = 0.768ar
cm,2 1823 by equation(5)

by equation(6)

()-gJAht
2 =

‘t req

Forthiscase

.

25,000(73.0)GO ~31
(1400J2 “

by equation(7)

itisfoundnecessaryto choosea valueof either0.6or
0.7for (V~a&)2,becausetheat weight-flowparameteris sohigh
thata valueof0.5wouldyielda hub-tipratiusratiolessthan0.5,
whichisthelowestvalueusedinprepar~ thechartsandtables.In
thisexsmple,a valueof0.7tibe usedfor (~#a&)2. FzOmfigure2
at $2 = 0.351 and (V#a&)2 = 0.7,thehub-tipradiusratio
rh/rt= 0.614.

Entryintotables.- Because(Qa&)2 = 0.7 istobeused,
tableI(c)willbe employed.A cursoryobservationoftableI(c)at
‘t/a&2 = 0.76 and 0.78 indicatesthatthestage-workparamet~sare
sufficientlyclosetothevalueof (-gJAh’/U$)reqthata single-stage

turbinewillsuffice;consequently,thevalueof 4ht tobe usedin
theexit-enthalpyparsmeteris73.o~ perpound:

.

. .
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.

,,

-gmh~
rjll = 0.931=’ =1077 sqft/(sec2)(%)

by equation(8)

Fromfigure4(a)at -gJf@T~ = 1077sqft/(sec2)(OR) and q = 0.85,
—

thelossfactore‘/R = 1.12.Becauseanannulararearatioof 1.0is
desired,interpolationisnecessarybetweenisentzmpicannulararea
ratiosof0.8and0.9. Thefollowingvaluesof -gw ‘/u: havebeen
interpolatedlinearlyfromthetablesfor r~rt = 0.614.

TableI(c)l TableI(c)3

& @)s z (W)1,vu,2d (7)M,VU,24

0.76 0.8 0.896 0.97 0.96

.9 1.008 .93 .92

0.78 0.8 0.896 0.96 0.95

.9 1.008 .93 .91

Interpolatedh thesuggestedmannerforan annulararea’ratioof1.0
anda blade-speedparameterof0.768,thevaluesof stage-workparam-
etersre

()-gJAhl = 0.93
u: I,Vu,2=0

and

()-gmt = 0.92
u: M,Vu,2=0

Fromtheseresultsit canbe seenthattheturbtieislimitedby 0.8
relativeentranceMachnmiberatthehubradius.A smallamountof -t
whirlcanbe usedinordertoproducetherequiredstage-workpsmameter
of0.931.

.— ———— —–—. —.. - .—
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Exsmple4

Multistageturbine.-Useofthechartsisnextextendedto a multi-
stageturbine,inorderto showhowthenunker
tainedalongwiththedivisionofworkbetween

Turbinedesignrequtiements

v ~/~6[ = 25.03.b/(see)(sqft)

of stagescanbe ascer-
thestages.

Assignedvariables

4% = 1.0

@h s 120°

uJ@= 900ft/sec

T~ = 2160°R

Pi = 17,000lblsqft

At sealevel:e:= 1, b:= 1

Calculation
(

Last<
stage

\

ofparameters:

T;= 2160 130.0
-m= 1686°R

P+% = 0.70

k = 4/3

Cp = 0.2745Btu/(lb)[%) “

by equation(3)

p~=17,000 [1-(-~~~=51601b/sqft %yequation,4) 0

‘i= * = 0“0575“m fi
%y equation(Bl)

at 44.3~= = 1818ft~sec by equation(B4)cr,2 =

Ut 900— = 0.495at = 1818 by equation(5)
Cr,2

25.0
~2 = 0.0575(1818)= 0“239 by equation(6) .

mom figure2 at $2 = 0.239and (V~a&)2 = 0.7,thetib-tip
radiusratio~rt = 0.759. .

—
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17000
P~=- = 0.1474lb/cuft

First
stage

[“

Ut 900
~= — = 0.437
cr,1 2058

.byequation(Bl)

ar = 44.3 ~2160* 2058ft/seccrj1 . by equation(B4)

--

I 25.0*1 =
0.1474(2058)=

by equation(5)

0.0824 by equation(6)

(Fromfigure3(b)atthehub-tipradiusratio

Fortheturbine,theover-all

()F =25,000@30.0)= 4 015

t req (900)2 “

0.8,$1 = 0.0824,and U~a&, ~ = 0.437,
r~rt = 0.811.

stage-workparsmeterrequiredis

by equation(7)

Entryintocharts. - Becausea cursoryexaminationofthestage-
workparameterinchartI reve&lsthata singlestagecannotpossibly
suffice,a multistageturbineisrequired.

Firststage:

{

-gwl.— = 2.865u:

ChartII(b)l
-gmt— = 2.910
u:

[

()

vu,~

‘U,2 h
= -2.24

ChartI~b)2

()

vu,1

‘U,2 h
= -1.99

AZ
at

(1)Ts
= 0.8

()AZat q~ = 1.0

()+at
qs = 0.8

()

AZ
at <s = 1.0

. .. —_____ —— —.— .-—
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I

annulararearatioof1.0isdesired,i ismorenearlycorrect
value.of -Ah: obtainedfrom k-gw 1/ut

.
atan isentropic

~ arearatioof0.8. Hence,
.

— = 2.865w = 1074S~ft/(Sec2)(OR)-gciahr
q

Fromfigure4(b)at -gJAh:/T~. 1074sqft/(sec2)(%) and q = 0.85~

thelossfactore‘/R .1.142. ~ equation(I?6),(~A1)s = 0.8 and
1.0correspond,respectively,to A#A1 = 0.914 and 1.142 forthe
firststage.5erefore,int~olationfor ~/A1 = 1.0 yields
+@@: = 2.882ad (Vu,~Vu,2)h= ‘2.130.~fiCienttiO_tiOn
isnowavailableformakLngthefirst-stagevelocitydlagrsm.

Thevalueofthestage-workparameterrequiredoftheadditional
stagingis

Entryintochmt Iwill nowindicatewhetherornottheremain@ work
requirementcanbe accomplishedby onestage.

Laststsge:

[

()+rJ-mt
= 1.426

u:
I>vu,z-

ChartI(c)l

at %()%s = 0.9

()-gJaht = 1.289 at ~
(J

= 1.0
u: WU,2=0

s

ChartI(c)3
()-guht = 1.480
u: M,Vu,2=0

()

-gJAh’ = 1.353
u: M,Vu,24

A2
at

()qs
= 0.9

()

A2
at qs = 1.0

—.-
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Comparisonofthese
requiredof staging
stagewillsuffice.

31

valuesof stage-workparameterwiththevalue1.133
additionaltothefirstindicatesthatoneadditional
Hence,

.,

— .1.133 M =544sqft/(sec2)(OR)-gmht
T; 1686

Fromfigure4(a)

thelossfactor
for ~Al = 1.O

at .-gJ&’/T;=
em/R= 1.058.
yield

544sqft/(sec2)(%) and q = 0.85,

Useof equation(F6)andinterpolation

()-gmhr (’)-gmhr= 1.364 and ~
u: I,VU,2=0

= 1.423

Sincethevaluesofthesetwoparametersexceedthereuuiredvalueof
stage-workparameterof1.133,–atwo-stageturbinecm-meettheturbtie
designrequirements.tiw~ tiues of (Vu/U)~,h> of (V~/a&)2}‘r‘f
Ml,h canbe employedinthesecondstage.Theworkdivisionbetweenthe
stagesis71.8percentforthefirststageand28.2percentforthe
secondstage.

Theoccurrenceof a static-pressureriseacrossthesecondstator
isindeterminateuntilthemannerofloweringthestage-workparsmeter
totherequiredvalueof1.133hasbeenselected,thatis,whether
(V~U)lh# (V~a&)2,or Ml,h isdecreased.Inanyevent,thechoice
of lowe~i~”thevalueof oneoftheseparametersshouldbe-suchthata
static-pressurerisedoesnotoccuracrossthesecondstator.Ifthe
valueof -gJAh:/Ugreqtiedofthelaststageweretoogreatlyb
excessofthatobtainablefromthedesignsof chartI to allowfora
reasonablysmallamountof exitwhirl,thechartswouldpermitdeter-
~ hw manystages- threeorfour,forexample- wouldbe reqwbed.

COWLUDINGREMARKS

A methodhasbeendevisedfortherapiddeterminationof design
characteristicsofturbinestageswithinspecifiedaerodynamiclimits.
Forconvenience,theinformationhasbeenpresentedintwoalternate
forms,inchmtsandintables.Onesetof chartsandthecorrespond-
ingsetoftablesaredesignedtopertainto a lastturbinetiagej the
useofthissetpermitsa determinationoftheproximityofa particular
designto limitsof zerochangeinthemagnitudeofrelativevelocity,

.— —.... .. . . . . .. . . . .. —____ —
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of specifiedentrancerebtiveMachtier, andof exitwhirl.A
secondsetof chartsandtablesisdesignedforaidingin calculations
involvinga stageotherthanthelast;Machnuniberandturning@e
Mnitscm be employedwiththisset.US- thetwosetsinccmibina.
tionmakespossfbletherapiddeterminationofthetier ofturbine
stagesneededfora givenapplicationanda desirableworkdlvision
amongthestages.Itisintendedthatthismethodbe usedprimarily
forthepurposeof sketchingouta turbinedesignwitha minhmmexpend-
itureoftimeandeffort.Basedontheinformationsogained,a con-
ventionaldetailedanalysiscanquicklybemadewiththeexpectation
thattheturbinedesignrequirementscamsatisfactorilyhe met.

LewisFlightRcopulsionLaboratory
NationalAdvisoryCommitteeforAeronautics

Cleveland,Ohio,Deceniber9,1952

..

.
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APPENDIXA
.

SYM80LS

A

+

a

~1
cr

a“cr

CP

%

h

J

k

%

‘l,h

%,h

P

R

s

T

u

Thefollowinglistof synibolscomprisesthoseusedh thispaper:

annulararea,sqft

turbtie-tipfrontalarea,sqft

sonicvelocity,~’, ft/sec

specificheatat constantpressure,Btu/(lb)(%)

accelerationdueto gravity,32.2ft/sec2

specificenthalpy,Btu/lb

mechanicalequivalentofheat,778.2-ft-lb/%u

ratioofspecificheats

Machnumberathtiradiuswhen Mljh= M2,h

relative~ch nuuiberathuhradius(~1/a)l,h

absoluteMachnmiberathuhradius(v/a)2,h

absolutepressure,lb/sqf%

@S constant,53.4ft-lb/(lb)(%)

radius,ft

rh/rm=2(~rt)/(1+ ~rt)

entropy,Btu/(lb)(%)

absolutetemperature,%

bladevelocity,ft/sec

. .. . . ...—.——.—.— ——. —. — —.—
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v absolutevelocityofgas,ft[sec

W relativevelocityofgas,ftjsec“

w weight-flowrateofgas,lb/see

G weight-flowparameter,w/l@’a&

P flowangleofrelativevelocitymeasuredfrcantangential
dtiection(fig.1),deg

A prefixto indicatechange

5 pressure-reductionratio,p/2116

V adiabaticefficiency

e temperature-reductionratio,T/518.4

P gasdensity,lb/tuft

a) w= velocity,radians/see

Subscripts:

c

h

I

i

M

m

req

s

t

u

VU,2= o

VU,2+ o

NACATN2905

compressor-inletconditions

htiradius

limitedby zerochangeinmagnitudeofrelativevelocityat
htiradius

ideal

limitedbyentrancerelativeMachnuaiberath~ radius

meanradius

required

isentropic

tipradius

tangmtialcomponent

withoutexitwhirl

withexitwhirl

.’ -,.,..

.
.

,,



.

.

NACATN 2905

x axialcomponat

1 stationupstreamofrotor

2 stationdownstreamofrotor

Superscripts:

t stagnation

n stagnation

staterelativeto stator

staterelativetorotor

.

35
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TmmoDYNAMm

Thefollowinggeneral
tionofthecharts,tables,

●

Equationof state:

Isentropicrelation:

Sonicveloci~:

Absolutecriticalvelocity:

Relativecriticalvelocity:

Freevortex:

Freevortexandsimplified
radial.equilibrium:

Fromvelocitytriangle:

AbsoluteMachnuuiber:

RelativeMachnuniber:

Absolutestagnation
temperature:

Relativestagnation
temperature:

APPENDIXB .

RELATIONSUSEDTEIROUGHUUTANALYSIS .

thermodynamicrelationsareusedinthederiva-
andfigures:

p=prt

*p-k= constant

‘12ka;r= ~ m“

rvu= constantalonga radi4line

Vx= constantalonga radialline

W%<+ (VU-U)2

.

(Bl)

(B2)

(B3)

(B4)

(B5)

(B6)

(B7)

(B8)

(B9)

(I!lo)

(Bll)

(B12)

(B13)

(B14)

.

.

.

-—
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Ehibtractingequation(B14)from(B13)andutilizingequations(B4),
(B8),and(B9)yield

Equation(B13)canbe restatedwiththeuseofequation(B3)as

T’
()

=l+k-l V2——
-?- 2a

Swmly, equation(B14)becomes

T“
z- 0.1++-2a

(B15)

(B16)

(B17)

Equation(B13)canalsobe rests.tedwiththeuseofequations(B4)
and(B8)as

(B18)

Inlikemanner,(B14)canbe rewrittenby meansofequations(B5),
(B8),and(B9)as

o

(B19)

— —.+—-.- —---- .—.--—.- — . .—— ..—.. .—— —
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APPENDIXc

DERIVATIONOFEQUATIONSFORCHARTI,TABLEI,ANDFIGURE2 -

LASTSTAGEORSJNGIESTAQ3WITHZEROEXIYWHIRL:

LIMITATIONOFZEROCBANGE~~ OF

REMrlNEVELOCITYATHUBRADms

Thefollowingfoux
andtableI,1:

Work:

equationsgivethespecificationsforchart1,1

.Aht.rlVU,1 )
- ‘2VU,2~
@

(cl)

Zerochangeinqi~e ofrelativevelocityacrossrotorathubradius:

‘l,h= W2,h (C2)

Continuityatmeanradius:

(PQOl@ = (P%@2,111 (C3)

Zeroexitwhirl:

VU,2= o (C4)

b conibiningtheseequations,useismadeofassumption(5),thatis,

‘ljh= ‘2,h

}

(C5)
‘l,m= ‘2,m

Equation(Cl)coxibinedwith(C4)and(C5)yields

(y)v ~=p),
(C6)

U,2

Combinationofequation(C2)with(B9) @elds .

P%~,h-~2+~)~,h= ~~)2,h-j2+@~,h (C7) ~
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.

.

.

Insertionofequations(C4)md (C5)into(C7)resultsin

whichissolvedfor

Thecontinuityequation(C3)isnexttobe manipulated,withtheuse
ofequation(Ill):

Relativetotheblading,T:~ = T;~. Therefore,
> J

Vx,,=k%i)mA2VX,2

whichiS

A2 p} =Vx,l pi/p;
—

%L) ()rm VX,2 a“
m

(C9)

equation(C9)becomes

(Clo)

(CUJ

Theleftsideof equation(Cll)isdefinedaetheisentropicannular
arearatio (~/A1)s,because,forconstantentropy(p~/p~)m= 1:

(c12)

Substitutionofequations(Bl),(B2),(B19),and(C12)transforms
equation(Cll)tito

A2 Vx,l

( )“qs = VX,2 (C13)

——— ———.. — ..—
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whichreducesto

U&qB” (C14)

by substitutionof equation(C4).Withtheuseofequations(B4)and
(C1O),equation(C14)becane~

.

()& V*,1
%8 =VX,2

(C15)

Let

‘hF=~=

z ‘h
~

rh
l+—

‘t

(C16)

Inaccordancewithassumption(5),

F=F=F12 (C17)

[

ConversionofequationC15)to a functionofhulvelocitieswiththe
aidof equations(B6),B7),(B15),(c16),and(C17)yields

1

.

.

—.
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whichfinallybecomes

41

(C18)

Solutionofequation(C18)iscompleteduponinsertionof (C8).

SothatchartI can%epresentedintermsofblade-tipvelocity,
equation(C6)isalteredby equati6n(B6)toread

(C19)

for

The

thestage-workparameter.

Derivationof equationforexitweight-flowparameter(fig:2).-
exitweight-flowparameterisdeftiedas

where

w = (Mvx)2,m
Equations(C20)and(C21)canbe conibinedto give

‘v (5)2jm~)2~ - (~~]

Bymeamsofequations(B2)and(B18),

&~~&&.. %kx

equation(C22) reads

(C20)

(C21)

(C22)

— —-..——— ---— — —— —. ———. ——

(C23)

—
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Uponstistitutionofequation(C4),equation(C23)finallybecomes

(C24)

whichisplotteddirectlyinfigure2.

.
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APPENDIXII

DERIVATIONOFEQUATIONSFORCHARTI,TABLEI,ANDFIGURE2 -

LASTSTAGEORSINGLE!STAGEWITHZEROEXITWHIRL:

LIMINl!TIONOFSPECIFIEDEN’ZMNCERIICATIVEMACH
.

NuMBERATHuBIUDIUs

Thespecificationsforchart1,2,3,4,table1,2,3,4,andfigure2
areestablishedby equations(Cl),(C3),and(C4)alongwith

r)‘ljh= ~lh
)

Equation(B9) canbe rewrittenandappliedatthehfi

Theterm

whichby

Equation

by virtue
equations

..

(Dl)

imletas

(D2)

to

equations(B3), (B4),,(C1O), and(Dl)canbe writtenas

(D3)reducesto

2

[1

w k+l 2
U ,h= ~“IYh

ofequations(B15)and(B16).Equatingtherightsidesof
(D2)and(D4)andsolv@ for Vx,1fix,2yield

.

(D3)

(D4)

.—. . .. ———.—.—. ___ _- — — —- .—–
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Theisentropicannulararearatio (A2/Al)scannowbe obtainedby
insertionofequation(D5)into(C18).

equation

The

equation

Equation

stage-workparameter
(C19).

ratioW1/W2 atthe

(D4)slightly.From

forthissetisagaticalculatedfrom

htiradiuscanbe calculatedby altering

thiseq@zion

(B9)canbe reducedby equation(C.4)to

Substitutionofequation(D7)into(D6)yields

1-

ThisrelationwasusedtoplotthedottedlinesonthesetofchartI
lhitedby Machnumber.

Equation(C24) onceagatiholdstruefortheexitweight-flow
parsmeter.

(D6)

(D7)

(D8j

— —
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APPENDIXE

DERIVATIONOFEQUATIONSFORCHARTII,TABLEII,ANDFIGURE3 -

STAGEOTHERTEANLASTLIMITEDBY HUB-RADIUSMACHNUMBERS

RELATIVETOROTORENTRANCEANDRELATIVETOFOLLOWING

STATORANDBY AMOUNTOFTURNINGINROTOR

Theworkequation(Cl)withtheuse

()
-gJ&‘ Vu
U2 ‘Fl -

ThespecificationonMachnuniberat

.

Onceagain,equation(C3)

Equation(E2)cam‘be

holdstrue.

ofequation(C5)canbe written

uvu

72 (El)

theh~ radiusis

expandedby means

andbymeansofequation(B8) to

u

ofequation(B9) to

Expansionofequation(E3)yields

.

(E2)

(E3)

(E4)

—— .—. .
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whichb turnresultsin

(E5)

b likemanner,equation(E4)

Thework

which3n

(%):,h(.&’’:,h+
canbe expressedas

equationcanbe expressedintheform

coxribinationwith

T~
ET= 1-2
‘1

equation(B4)yields

(E7)

(E8)

WhenequationsfB16)and(E8)arestistitutedforthetemperature-ratio
factor~,equati&(E6)becmes

— -—
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Equation(E9) canbe solvedfor.

VX,22

Uvx,

-L

(Elo)

wherethefactor(vx/a&): isfoundby solvingequation(E5)for

(En)

Thus,equation~EIO)enibodiesthespecificationofequation(E2).

Theequationforisentropicannular.arearatio(eq.(C13))oncemore
applies

0

A2
q~

andcanbe writtenas

1
2

()

2 n
u
Tcr1

J102 2
u-1 —
a& m

(E12)

whichis,by equations(B4)and(C1O)

.- .—— ..———— — — —-
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f
1

m

m

(E13)

By equatiom<B6),(B7),(B15),(C15),and(C16),thislastequation(E13)
iswrittenintermsofhfivelocities

u42i&

- VX2
Vx,2

1
x

(E14)

Froma considerationofthevelocitydi~am, theturninganglecan
be expressedas

‘~z,h+l,h=-Co’wl-
(E15)

Thestage-workparameterofequation(El)isexpressedintermsof
bl.tie-tipvelocityas

(E16)

.
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Derivationofequationforentranceweight-flowparameter(fig.3).-
Theentranceweight-flowparameterisdefinedas

(E17)$1= ~(P’:&)l

where

w = (PAVx)l,m (E18)

Combinationofequations(E17)and(E18)yields

(E19)

whichby meansofequations(B2)and(B18)becomes

(E20)

Equations(B6),(B7),(C16),and(C17)yieldthefinalformofequa-
tion(E20)as

.
1

(E21)

wherethefactor(V#;r)~ issolvedfromequation(En). Equa-

tion(E21)isplottedinfigure3.

—.--- .- -—.— ——— _—.— .——.— ———--—
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APPENDIXF

DERIVATIONCll?EQUATIONSFORLOSSFACTOROFFIGURE4

GeneralRelations

Lossthrcg.zgha turbinestageasa consequenceofnonisentropicflow
isshownby e&&ion (Cll)tobe contatiedh-thestagerelative-
stagnation-pressureratio (p~p~)m.Thisfactorcanbe expressedin
termsoftheentropyincreaseacross

As=$

thestageby

n

L-)l+
m

(Fl)

inviewofequation(C1O)attemperaturelevel T~,m. H isentropic
expansionofflowthroughtheturbinestageisass&ed,an idealexit
stagnationpresswe p~,i correspondingtotheactualexitstagnation
temperaturewouldbe realizedinsteadoftheactualexitstagnationpres-
sure p;. Thesameincreaseh entropyas shuwninequation(Fl)canbe

calculatedas

attemperaturelevel T+. Equatingequations(Fl)and{F2)yi’elds

Also

by equation(Fl).

Theactualannulararearatioisthus

(F2)

(F3)

(F5)



.
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becausetheproductofthesecondandthird
unity(seeeq.(F4)).By thedefinitionof
(eq.(C12)),eqmtion(F5)becomes

JAs
A2 A2 e~

()
—=—
% %s

factorson
isentropic

51

therightsideis
annulararearatio

(F6)

Theactualdropinenthalpyacrossa turbinestageperpoundofgas
flowis

.Mi . Cp (@ -T;) (F7)

whichintermsoftheidealexitstagnationpressurefromthestageis

[ [ )-jk-1

-.dh’=~Til-p#k
1

(F8)

uponapplicationofequation(B2).Equation(F7)canalsobe expressed
intermsoftheactualstagnation-pressureratioas

[ )]k-1

(

p;r
-Ah‘ =C T1q 1 - ~pl

‘1
(m)

inwhich q istheadiabaticefficiency.

DeterminationofLossFactorforUsewithChartI and.l%bleI

BecausechartI andtableI arepresentedintermsoftheexitstag-
nationthermodynamicstaterelativetothestator,an exit-stage-enthalpy
parameterisdefinedforusewiththischartandtable.Thisparameter
is -gJ&’/T& Equation(F9)canbemodifiedtoread

Theratio T’/T’
12

canbe solvedfromequation(F7)as

(F1O)

(Fll)

— ..- —-— — ——— —-— - — .—. —-—- — -—
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Withthemibstitutionofeqyation(Fll)into(F1O),

whichexpressioncanbe solvedfor

Inthesamemannerthatequation(F8)wasobtainedfrcnnequa-
tion(F7),e~ression(F7)csnbewritten

~)]k-1
Pi ~

-M~acTi —p2 -1
‘;)i

whichiseasilyalteredto

Equation(F14)becomesexpandedto

.

(F12) ‘

(F13)

(F14)

(~+k-1-@Ah’ k-1J&-——
-@Ah’ kgR

~~ kR

T; ‘m e

)

-1 (F15)
k-1~ -gJdht

l-~q T;

uponinsertionofequations(F3),(F4),and(F13).Finally,equation(F15)
is solvedforthelossfactor:

(F16) .

..-.

.
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Therelationexpressedby eqyation(F16)isplottedb figure4(a)for
a rangeofadiabaticefficienciesfrom0.75to 1.00.

Theactual annularmea
thevalueofthelossfactor

Determination

ratioiscalculatedfromeqyation(F6)with
obtainedfromfigure4(a).

ofLossFactorforUseWith

ChartIIandTableII

SincechartIIandtableIIarepresentedh termsoftheentrance
stagnationstaterelativetothestator,anentrancestage-enthal,py
parameter-gJ.Ah’/Ti isdefinedforuseb thedeterminationoftheloss
factor.Thisparsmeterisassenkledfromequation(F8)as

(F17)

fromtherela.tion ~=

acrossthestagecanbe
adiabaticefficiencyis

kR
E 7“ Theactualstagnation-pressureratio

calculatedfromequation(F9),inwhichthe
defined:

k

lhsertion
.

ofequation(F18)into(F17) yields

Y=@-ey%(,-si*]

(F18)

(F19)

withtheaidofeqmtions(F3)and(F4). ThislastexpressionisfinalJy
solvedforthelossfactor: .,

--../’

-gJ&’ @ m—- .llt k-1
1

()

-gJAh’ kgR‘
~ T~ -H

-1

—. .-... — –— -— .—.. —. __ —
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Therelationexpressedby equation(F20)isplottedinfigure4(b)
fora rangeofadiabaticefficienciesfrom0.75to 1.00.

Theactualaunulararearatioiscalculatedfromequation(F6)with
thevalueoflossfactorobtainedfromfigure4(b).

1.A1.pert,Sumner,andLitrenta,RoseM.: ConstructionandUseofCharts
inDesignStudiesofGasTurbines.I?ACATN2402,1951.

.
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Fi@re2. - Vmiatlon of hub-tip mdhm ratio tith edt tight-flow pmmter for oom’cant value of @t
axial velooity mtio ard zero tit tr?drl. For use with oimrt I ml table 1.
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